We use noncommutative differential forms (which were first introduced by Connes) to construct a noncommutative version of the complex of Cenkl and Porter Ω * , * (X) for a simplicial set X. The algebra Ω * , * (X) is a differential graded algebra with a filtration 
Trying to construct a model for a space (along the lines of Sullivan, etc.) that would have cohomology operations, Karoubi [11] proposed enlarging the de Rham complex of commutative forms by considering noncommutative algebras (along the lines of Connes). Karoubi defined a noncommutative de Rham complex Ω(X) and proved the noncommutative de Rham theorem for a simplicial space X. A slightly more general version of the noncommutative de Rham theorem was proved by Cenkl in [4, 6] . Both proofs are functorial and in principle are based on the idea of Cartan. Some Steenrod operations are induced.
In this paper, we present another proof of the noncommutative de Rham theorem for a simplicial set of finite type. This proof is in the spirit of the classical de Rham theorem, that is, using integration. The possibility of such a proof (over a ring containing Q) was suggested by Karoubi in [12] . However, we give a stronger result by defining a noncommutative tame de Rham complex Ω * , * (X) (a noncommutative version of the de Rham complex of Cenkl and Porter). 
The isomorphism is induced by integration.
Motivated by the work of Scheerer et al. [20] , we also introduce a complex of noncommutative tame currents Ω * , * (X) (dual of noncommutative tame forms) and prove the noncommutative tame de Rham theorem for homology. The isomorphism is induced by integration.
Finally, we introduce a noncommutative version of the complex of tame currents presented in [20] and compare it with the complex Ω * , * (X). Then X = {X k } is a simplicial set.
Example 2.2. Let ∆ denote the category whose objects are all finite sequences of integers ∆(n) = {0, 1,...,n} and the morphisms are all the increasing functions f : ∆(n) → ∆(m) (for all 0 ≤ i ≤ j ≤ n, we have f (i) ≤ f (j)).
Define the morphisms δ i : ∆(n − 1) → ∆(n) and σ i : ∆(n + 1) → ∆(n), for 0 ≤ i ≤ n, by
Then every f ∈ Hom(∆(n), ∆(m)) can be written as the product of finitely many δ's and σ 's.
A simplicial object in a category Ꮿ is a contravariant functor F : ∆ → Ꮿ. A simplicial set X can be identified with a simplicial object X in the category of sets Set, F : ∆ → Set, X = F(∆ n ) = X (see [15, page 233] or [17, page 4 
]).
A simplicial Λ-module is a simplicial object in the category of Λ-modules Mod. A simplicial graded algebra Ꮽ * = ⊕ n≥0 Ꮽ n is a family of graded algebras Ꮽ * k = ⊕ n≥0 Ꮽ n k , k = 0, 1, 2,..., over a commutative ring Λ which is a simplicial set and the face and degeneracy operators d i and s i are morphisms of graded algebras. (Figure 2 .1). The maps δ i : ∆ n−1 → ∆ n and σ i : ∆ n+1 → ∆ n are defined by
Let ᏼ n be the collection of the polynomials f : ∆ n → R with Z-coefficients and let ᏼ = {ᏼ n } n≥0 . Then ᏼ is a simplicial set. The face and degeneracy maps are the maps ∂ i : ᏼ n → ᏼ n−1 and s i : ᏼ n → ᏼ n+1 defined, for each f ∈ ᏼ n , by
6)
Figure 2.1. The standard simplexes ∆ 1 and ∆ 2 .
x 0 (∂ i and s i are the pullbacks of δ i and σ i ). Multiplication of polynomials induces an algebra structure on ᏼ. Then ᏼ is a simplicial algebra.
Example 2.4. Instead of the standard n-simplex ∆ n as in Example 2.3, we consider ∆ n to be the subset of the boundary of I n+1 (the standard (n + 1)-cube in R n+l ) given
that is, ∆ n is identified with the backfaces of I n+1 (Figure 2 .2).
Define the maps δ i :
(see [5, 7] ). A k-face F of ∆ n is determined for two disjoint sets A = {a 1 ,a 2 ,...,a k+1 } and
Sometimes we use the notation F = F (A,B) . Let -n be the collection of the polynomials f : ∆ n → R with Z-coefficients and let -= {-n } n≥0 . Then -is a simplicial algebra. The face and degeneracy maps are the maps ∂ i : ᏼ n → ᏼ n−1 and s i : ᏼ n → ᏼ n+1 defined, for each f ∈ ᏼ n , by
(∂ i and s i are the pullbacks of δ i and σ i ).
Example 2.5. Let Ᏽ n be the ideal generated by the polynomial n j=0 x i . Then ᏼ n can be identified with the quotient
induces structure of Z-algebra on -n . Then -is a simplicial algebra.
Let X be a simplicial set and let C n (X) be the free group on X n . Denote by C * (X) the chain complex (C n (X), ∂) with the boundary operator ∂ =
If X is a simplicial set and G is an abelian group, then the homology of X with coefficients in G is defined by
Denote by C * (X) the complex (C n (X), δ) of cochains in X with coefficients in G where C n (X; G) = Hom(C n (X), G) and the coboundary operator δ is the dual of ∂. The cohomology of X with coefficients in G is defined by
3. The complex of Cenkl-Porter. Cenkl and Porter [7] first proved the de Rham theorem for the complex of cubical differential forms for a space of finite type using integration. Later Boullay, Kiefer, Majewski, Stelzer, Scheerer, Unsöld, and Vogt [1] 
and the usual differential d extends to a morphism of
is a simplicial differential graded algebra (DGA) with filtration.
For the proofs of the next two results we refer to [1, 7] .
Let X = {X n } be a simplicial set and let T (X) = Mor(T * , * ,X) (morphisms of simplicial sets). The Stokes' theorem implies that for any q ≥ 0, integration of tame forms induces a map of cochain complexes I : 
The isomorphism is induced by integration.
Noncommutative differential forms.
In this section, we present the complex of noncommutative differential forms or the noncommutative de Rham complex, which is a generalization of the standard de Rham complex on a manifold M, but the algebra of smooth functions on M is replaced by an arbitrary associative algebra with unit. Noncommutative forms were introduced by Connes [8, 9] . Karoubi [11] used noncommutative forms to define the noncommutative de Rham complex Ω(X) and proved a noncommutative version of the de Rham theorem for a simplicial space X [12] . Here we present the basic properties of the noncommutative de Rham complex of an algebra Ꮽ over a commutative ring Λ.
Let Ꮽ be an algebra over a commutative ring Λ (with unit). Let µ : Ꮽ⊗Ꮽ → Ꮽ denote the multiplication operation on Ꮽ (all rings are considered to be commutative and unitary, and all algebras are with unit). The differential forms of degree n are the elements of the tensor product of Λ-algebras
The algebra -
Then - * (Ꮽ) is a DGA and the cohomology of the complex (-
Suppose that Ꮽ is an augmented Λ-algebra with an augmentation λ : Ꮽ → Λ (morphism of rings) such that λ(1) = 1. Consider the map of modules ı λ :
The noncommutative differential forms of degree n are the elements of the tensor product of Ꮽ-modules
The product of differential forms is defined by juxtaposition of tensor products. Then the direct sum
is a graded algebra.
Thus we have the isomorphism of Λ-modules
Then Ω n (Ꮽ) can be identified with the tensor product of Λ-modules
A noncommutative differential form of degree n can be written as a linear combination of terms of the form a 0 da 1 da 2 ···da n and the morphism d extends to forms of degree n of Ω n (Ꮽ) by the formula There is an inclusion of DGA's sending
On the other hand, for any
) has trivial cohomology is known as the noncommutative Poincaré lemma.
is exact.
Proof. As in Theorem 4.2, let λ : Ꮽ → Λ be a Λ-linear form with λ(1) = 1. We prove that there exists a homotopy contraction  λ :
To define  λ we express elements of Ω n (Ꮽ) as elements ofn+1 (Ꮽ) using inclusion, next we apply ı λ , and then we apply the projection J.
First we show that ı λ is well defined. Obviously it is enough to prove that ı λ :
we have
DGA. Next we define the face and degeneracy operators for Ω * (Ꮽ).
Let Ꮽ = {Ꮽ * n } n≥0 be a simplicial graded algebra. For each n consider the simplicial tensor algebra
where the face and degeneracy operators
(4.13)
Observe that the restriction of
If µ n−1 denotes multiplication on A n−1 , then
Therefore adb ∈ ker µ n−1 = Ω 1 (Ꮽ n−1 ). In particular, if we take elements of the form da ∈ Ω 1 (Ꮽ n−1 ), then we get
Similarly s i can be extended to Ω P (Ꮽ). Then we have the following proposition.
A noncommutative version of the de Rham theorem was proved by Karoubi in [12] . Karoubi considered Ꮽ n to be the quotient Λ-algebra Λ[x 0 ,x 1 ,...,x n ]/(x 0 + x 1 + ··· + x n − 1). Let Ω * (Ꮽ n ) be the algebra of noncommutative forms on Ꮽ n and let
is the noncommutative algebra generated by the symbols x i and dx i , 0 ≤ i ≤ n and the following relations:
Then we have the following theorem.
Theorem 4.8 (the noncommutative de Rham theorem). Let X be a simplicial set and let
Ω * (X) = Mor(X, Ω * (Ꮽ
)). Then there exists a natural isomorphism of Λ-modules
A slightly more general version of Theorem 4.8 was proved by Cenkl in [3, 4] .
5.
The noncommutative complex of Cenkl-Porter. In [12] , Karoubi conjectured that the noncommutative de Rham theorem could be proved using integration of noncommutative differential forms assuming that Λ is a ring containing the ring of the rational numbers Q. We present a solution of a more general problem by considering a noncommutative version of the tame de Rham complex of Cenkl-Porter. This complex is constructed by defining a filtration on Ω * (-), the algebra of noncommutative differential forms on -= ⊕ n≥0 -n , where -n are the polynomials restricted to n-simplex ∆ n (see Example 2.4). Then we prove some basic properties of that complex. In particular we prove the noncommutative tame Poincaré lemma.
Remark 5.1. Propositions 4.6 and 4.7 imply that Ω * (-) is a simplicial DGA.
We establish some conventions of notation. Let Z + be the set of nonnegative integers. Let Z n+1 + be the set of multi-indexes α = (α 0 ,α 1 ,...,α n ) with α i ∈ Z + , and let
..,n}, we write
Let Ω n (Z) be the algebra of all Z-linear combinations of basic tame noncommutative differential forms Proof. We have to prove that · and d on Ω * (-) induce maps · and d such that
Proof of (1). Let
where ω r +j = η j ( ω r +j k = η j k for all j and k);
On the other hand, we have i |ε i |+ j |ε j | = p 1 + p 2 . Therefore,
Proof of (2).
(5.9) 
where
If ε ji = 0 for all j, it is enough to consider one block,
(5.13)
Then we have
(5.14) Define
where Q q = Z[1/2,...,1/q], for q > 1, and
be the k-skeleton of ∆ n , and let
Let Ω p,q (∆ k n ) be the set of all Q q -linear combinations of forms which are nonzero on exactly one k-face of ∆ k n .
Proposition 5.5. The sequence
is an exact sequence of Q q -modules for all p ≥ 0, q ≥ 1.
n ) with q ≥ 1. Then the form ω is a linear combination ω = i ω i , where each ω i is nonzero on exactly one face of ∆ k n . Let F be such a face. Then 
B f j (x).
Note that if |α i | = 0 for i = 1, 2 (and for all j), then ε it ≠ 0 for some t.
On Let
then there exists at least one i ∈ A such that i ∉ E. Then x i is either 0 or 1 on F(E,H). Therefore ω| F(E,H) = 0 and then
Proposition 5.6. The sequence
Proof. For k = 0, the sequence
is exact, thus any element a ∈ Q q can be pulled back to the form ω(x 0 ,...,x n ) = a, that is, it is a constant Q q -polynomial. Assume by induction that
is exact. Consider the following commutative diagram:
The left column is exact by induction hypothesis (and by the definition of
The right column is exact by definition. The first row is exact by Proposition 5.5. We show that the second row is exact.
is exact. Now we prove that, for any q ≥ 0 the complex Ω * ,q (∆ n ) has trivial cohomology. If 
defines a morphism of Q q -modules. Note that for all p ≥ 0, we have
In other words F is a morphism of algebras. To prove this identity it is enough to
Similarly, the following propositions can be proved by direct computations.
commutes for all p ≥ 0.
0 < p ≤ n and Ᏻ p denotes the permutation group of the set {1, 2,...,p}, then
Remark 6.4. Proposition 6.5 implies that F is a simplicial map.
From Proposition 3.1, we obtain the following result.
Proof. Let ω ∈ Ω p,q (∆ n ) and let σ : ∆ p → ∆ n be a p-simplex. By Proposition 6.1
and by the classical Stokes' theorem, we get
Let (C * (∆ n ; Q q ), δ) denote the standard complex of cochains on ∆ n with coefficients in Q q . Let
be the morphism of Q q -modules defined as follows: given σ ∈ C p (∆ n ; Q q ) and ω ∈ Ω p,q (∆ n ),
The Stokes theorem implies that I is a map of cochain complexes. We also have that the diagram
commutes for 0 ≤ i ≤ n. Then I is a simplicial map.
commutes for all p ≥ 0, q ≥ 1. (The i's and r 's denote the inclusions and restrictions, respectively.)
On the other hand, we have
(6.17)
7. The noncommutative tame de Rham theorem for cohomology. In this section, we introduce the noncommutative de Rham complex of Cenkl and Porter for a simplicial set of finite type X. Then we use the noncommutative versions of the Poincaré lemma and the Stokes' theorem to prove the noncommutative tame de Rham theorem.
Let X be a simplicial complex of finite type. Let X n be the collection of nondegenerated n-simplices in X. A noncommutative differential form of type (p, q) on X is a simplicial map ω : X n → Ω p,q (∆ n ) (in other words, ω is a map such that for G ∈ X n and any face F of G, ω(F ) is the restriction of ω(G) to F ). The collection of all such forms is denoted by Ω p,q (X).
so we may define the map I :
On the other hand,
Thus integration induces a map of cochain complexes. Then we have the following theorem.
Theorem 7.1. Let X be a simplicial set of finite type. Then for q ≥ 1 the map 5) induced by integration, is an isomorphism of Q q -modules for all i ≥ 0.
Proof. Induction on the skeleta of X. For k = 0 the statement is true because
Suppose that the statement is true on the -skeleton, X of X for < k. From Proposition 6.7 it follows that the diagram
is commutative. Then the following diagram commutes:
The rows are exact, an ı is an isomorphism by assumption. We prove that κ is an isomorphism. Let {∆ k,j : j ∈ J} be the set of k-simplices of X k . Then
are isomorphisms of Q q -modules. Then it is enough to prove that integration induces an isomorphism
Consider the following commutative diagram (Proposition 6.7):
The first row is exact by Proposition 5.6.
Therefore I is an isomorphism by lemma five ("so named because of the five-term exact sequence involved in its formulation," Spanier [21, page 185] 
Note that x 0 x 1 = y 0 y 1 = z 0 z 1 = 0, therefore we have
with k i ,a j ,b j ,c j ∈ Q 2 for i = 0, 1, 2 and j = 0, 1, 2, 3, such that
If η is closed then dη i = 0 for i = 0, 1, 2, then a j = b j = c j = 0. Then (7.15) 
Note that the linear system (7.15) is equivalent to
Any such form θ is closed. We also have that θ is exact, in fact θ = dω where ω ∈ Ω 2,2 (S 1 ) is given by (note that 2 is invertible in Q 2 )
We conclude this section with the presentation of a more general version of the noncommutative tame de Rham theorem (Theorem 7.1). Let M be a Q q -module and
Thus integration defines a morphism of modules Q q -modules I : 
is an exact sequence of Q q -modules for all p ≥ 0 and q ≥ 1.
Let X be a simplicial set of finite type. Let X k denote the k-skeleton of X. Let C * (X) be the complex of unreduced chains of X (as an abelian group) and let
The commutes for all q ≥ 1, p ≥ 0 (ı and ρ denote inclusion and projection, respectively).
The noncommutative tame de Rham theorem for homology.
In this section, we prove that the dual map I induces an isomorphism of Q q -modules between the homology of a simplicial set of finite type and the homology of the complex of noncommutative tame de Rham currents. 
